We examine the proposal that the dimensional reduction of the effective action of perturbative string theory on a circle, should be invariant under T-duality transformations. The T-duality transformations are the standard Buscher rules plus some higher covariant derivatives. By explicit calculations at order α ′ for metric, dilaton and B-field, we show that the T-duality constraint can fix both the effective action and the higher derivative corrections to the Buscher rules up to an overall factor. The corrections depend on the scheme that one uses for the effective action. We have found the effective action and its corresponding T-duality transformations in an arbitrary scheme.
Introduction
One of the most exciting discoveries in perturbative string theory is T-duality [1, 2] . This duality may be used to construct the D-dimensional effective field theory at any order of α ′ . One approach for constructing this effective action is the Double Field Theory (DFT) [3, 4, 5, 6, 7] in which the effective action in 2D-space is invariant under T-duality and a gauge transformation. The T-duality is the standard O(D, D) transformation whereas the gauge transformation is non-standard and receives α ′ -corrections [8, 7, 9, 10] . Another proposal for constructing the Ddimensional effective action is to use the T-duality constraint on the reduction of the effective action on a circle [11] . In this approach one reduces the standard gauge invariant effective action on a circle to produce the corresponding (D − 1)-dimensional effective action. Up to some boundary terms, this action should be invariant under the T-duality transformations which is the standard Buscher rules [12, 13] plus some α ′ -corrections [14, 15, 16] . Using this proposal, the known gravity and dilaton couplings in the effective actions at orders α ′ , α ′2 , α
′3
have been found up to some overall factors [17, 18] . The corrections to the Buscher rules, however, could not be fixed in the case that B-field is zero. For the effective action at order α ′ that has been found in [19] , the form of α ′ -corrections to the Buscher rules have been found in [16] for the case that B-field is non-zero.
In this paper we speculate that in the presence of B-field, the T-duality constraint may fix both the effective action and the α ′ -corrections to the Buscher rules. We have done this calculation explicitly at order α ′ . Using the Bianchi identities and the field redefinition freedom, one can write the most general D-dimensional covariant action at four-derivative level in a specific scheme which has 8 parameters [20] . We then reduce it on a circle to find its corresponding (D−1)-dimensional action which should be invariant under the T-duality transformations up to some boundary terms. Constraining this action to be invariant under the Buscher rules makes all parameters to be zero unless one adds some corrections to the Buscher rules. We then write the most general covariant corrections at two-derivative level to the Buscher rules and impose the (D − 1)-dimensional action to be invariant under this deformed T-duality transformations. Interestingly, the T-duality constraint fixes all parameters in the effective actions and in the deformed T-duality transformations, up to an overall factor. The effective action is exactly the standard action that has been found by the S-matrix calculation [20] . The T-duality transformations, however, are not the same as the T-duality transformations that have been found in [16] because the effective action that we have found and the effective action that has been used in [16] are in different schemes.
Since the T-duality transformations depend on the scheme that one uses for the effective action, it would be desirable to find the T-duality transformations for the effective action in an arbitrary scheme. We will show that the T-duality constrain can fix the effective action even if one does not use the field redefinition. If fact, using the Bianchi identity and removing total derivative terms, one finds that the most general D-dimensional effective action at order α ′ has 20 parameters [20] . 3 of them are unambiguous as they are not changed under field redefinitions and the other 17 parameters which are ambiguous are changed under the field redefinitions. However, there are 5 combinations of these parameters that remain invariant under the field redefinitions. To have the minimum number of couplings, one should keep 5 parameters which are called essential parameter, and remove all other parameters [20] . In general, one may keep all ambiguous parameters. In this case, the S-matrix calculations should fix the 3 unambiguous and the 5 essential parameters. The other 12 parameters should remain arbitrary. We will show that the T-duality constrain on the most general effective action with the 20 parameters, fixes the the effective action up to 12 arbitrary parameters, one of them is unambiguous parameter and all other 11 parameters are ambiguous parameters. The T-duality transformations are also found in terms of these parameters. Any choice for these 11 parameters gives the effective action and its corresponding T-duality transformations in a specific scheme. We will show that the effective action for a specific choice for these parameters becomes the action that has been found in [19] and the corresponding T-duality transformations are exactly the one that has been found in [16] .
The outline of the paper is as follows: In section 2, we perform the calculations at order α ′0 . In particular, we write the most general D-dimensional effective action at two-derivative level which has 3 parameters. We then reduce it on a circle to find its corresponding (D − 1)-dimensional effective action. Constraining it to be invariant under the Buscher rules up to some boundary terms, the 3 parameters are fixed up to an overall factor.
In section 3, we perform the calculations at order α ′ . In subsection 3.1, we consider the 8-parameter effective action in the specific field variables studied in [20] . We show that the reduction of this action on a circle is invariant under the Buscher rules when all parameters in the effective action are zero. To have non-zero effective action at order α ′ , we then deform the Buscher rules by some terms at order α ′ with arbitrary parameters. Some relations between these parameters are found by the constraint that the T-duality transformations must form a Z 2 -group. Constraining the reduction of the effective actions at orders α ′0 and α ′ to be invariant under the deformed T-duality transformations, fixes all independent parameters in the deformed T-duality transformations and in the effective action. Up to an overall factor, the effective action is the one has been found in [20] by the S-matrix method. In subsection 3.2, we consider the 20-parameter effective action in which the field redefinitions are not used. We then impose the T-duality constraint on this action. We find the effective action and the corresponding T-duality transformations in terms of one unambiguous parameters and 11 ambiguous parameters. A specific choice for these 11 parameters, gives the effective action and the T-duality transformations found in [19, 16] . In this subsection, we have also shown that the Chern-Simons couplings in the heterotic theory which is resulted from the non-standard gauge transformation of B-field is also invariant under the T-duality and found its corresponding T-duality transformations.
2 Effective action at order α
′0
We now construct the most general D-dimensional action at two-derivative level which is invariant under the coordinate transformations and under the standard gauge transformation of B-field, i.e., B ab → B ab + ∂ [a λ b] . Up to total derivative terms, it has the following three terms:
where the three-form H is field strenth of the two-form B, i.e., H abc = ∂ a B bc + ∂ c B ab + ∂ b B ca , and c 1 , c 2 , c 3 are three constants.
To impose abelian T-duality constraint on this action, we have to consider a background with U(1) isometry. It is convenient to use the following background for metric and KalbRamond field:
whereḡ µν ,b µν are the metric and the B-field, and g µ , b µ are two vectors in the (D − 1)-dimensional base space. Inverse of the above D-dimensional metric is
whereḡ µν is inverse of the (D − 1)-dimensional metric which raises the index of the vectors. In this parametrization, the (D − 1)-dimensional dilaton isφ = Φ − ϕ/4. The Buscher rules [12, 13] in this parametrization are the following linear transformations:
They form a Z 2 -group, i.e., (x ′ ) ′ = x where x is any field in the base space. To simplify the calculations, we assume that the base space is flat, i.e.,ḡ µν = η µν . As long as the T-duality constraint fixes all coefficients in the effective action in this case, we do not need to consider the general case of curved base space. If the effective action contains terms with at most second derivative, i.e., R, ∇∇Φ, ∇H, the covariant derivatives in the (D − 1)-dimensional base space can be written as ordinary derivatives in the local frame in which Γ µν α = 0. However, the curvature terms in the base space are not zero in the local frame. One expects the coefficients of these terms appears in many other terms like ∇∇ϕ which might be fixed by the T-duality constraint when the base space is flat.
In order to reduce R, one should write the curvature in terms of metric G ab and then use the reductions (2) and (3). When the base space is flat it becomes
where V µν is field strength of the U(1) gauge field g µ , i.e., V µν = ∂ µ g ν − ∂ ν g µ . For curved base space, the ordinary derivatives in (5) become covariant derivatives and there is also the scalar curvature of the base space. The reduction of the overall factor and the second term in (1) when the base space is flat, are
For curved base space, there is a factor of √ −ḡ in the right-hand side of the first equation.
Reduction of the third term in (1) is
where W µν is field strength of the U(1) gauge field b µ , i.e.,
where the three-formH is field strength of the two-formb µν + 1 2
The three-formH is not the field strength of a two-form. It satisfies the following Bianchi identity [16] :
To find the T-duality transformation of the three-formH, one can rewrite it as
whereĤ is field strength of the T-duality invariant two-formb µν . It is evident thatH is invariant under the T-duality transformations (4). Using the above relation, one may rewrite H 2 in (7) in terms ofĤ which satisfies the standard Bianchi identity dĤ = 0, and some other terms that are not U(1) × U(1) gauge invariant. However, it is more convenient to write H 2 in terms ofH which satisfies the anomalous Bianchi identity (8) , and some gauge invariant terms as in (7) .
The reduction of (1) when the base space is flat then becomes
For curved base space, there is the factor √ −ḡ, the scalar curvature term c 1R and the partial derivatives become covariant derivatives. The terms in the first line are invariant under the Buscher rules. The T-duality constraint is that the reduced action (10) must be invariant under T-duality up to some boundary terms, i.e.,
must be a boundary term. Note that δS 0 is odd under the T-duality transformations and is invariant under the U(1) × U(1) gauge transformations. One can easily observe that δS 0 is a boundary term when
This fixes the D-dimensional effective action to be
which is the standard effective action at order α ′0 , up to an overall factor. The overall factor must be c 1 = 1 to be the effective action of string theory. In the next section, we extend these calculations to the order α ′ .
3 Effective action at order α
′
The most general D-dimensional effective action at order α ′ which is invariant under the coordinate transformation and under the B-field gauge transformation has three classes. One class contains terms that are zero by Bianchi identities, one class contains terms that are total derivative terms, and all other terms belong to the third class. There are 20 such terms in which the field variables are arbitrary [20] . Using the field redefinition freedom, however, one may write the effective action in specific field variables. In this case there are 8 independent couplings [20] . The T-duality constraint may be used for both specific field variables and for arbitrary field variables. In the next subsection we use the T-duality constraint for specific field variables.
Effective action in a specific scheme
Using the field redefinition freedom, one can write the 20-parameter effective action at order α ′ in terms of independent couplings. There are also choices for these minimal couplings. One may choose the couplings to be [20] 
where b 1 , b 2 , · · · , b 8 are eight parameters. The field redefinitions freedom allows us to choose the eight arbitrary couplings in many different schemes. The above is one particular scheme. The above parameters have been found in [20] by the S-matrix method. We are going to show that the proposed T-duality constraint can fix these parameters up to an overall factor. To impose the T-duality constraint on the couplings in (14) , one should reduce it on the background with the U(1) isometry as in the previous section. The reduction of the terms in the last line can easily be read from the reductions of the corresponding terms in (6) and (7) . When the base space is flat, the reduction of the first, the second, the third, the fourth and the fifth terms in (14) are 
As expected, all terms on the right-hand side are invariant under U(1) × U(1) gauge transformations. Under parityH and W are odd and all other fields are even. All above terms are even under the parity because the original terms in (14) are even. Note that each V has a factor of e ϕ/2 and each W has a factor of e −ϕ/2 . The T-duality constraint is that the the reduction of the effective action (14) must be invariant under T-duality transformation up to some boundary terms. If the T-duality transformations at order α ′ are only the Buscher rules (4), then one finds
Note that δS 1 is odd under the Buscher rules. One observes that constraining the integrand to be a total derivative term, would constraint all coefficients in (14) to be zero. To clarify this point, we note that the total derivative terms in (D − 1)-spacetime must have the following structure
where the vector J µ should be a parity invariant, it should be odd under the Buscher rules, and it should be invariant under the U(1) × U(1) gauge transformations. This vector which is at three-derivative order, is made of ∂ϕ, ∂φ,H, e ϕ/2 V, e −ϕ/2 W and their derivatives. Hence, the four-derivative terms in (16) which contain onlyH, e ϕ/2 V, e −ϕ/2 W , have no contribution from the total derivative terms. The coefficients of these terms must be zero. Moreover, since there is no term with derivative ofH in (16), the total derivative terms can not produce the terms withH, hence, the coefficients of the term in (16) which haveH must be zero. These two constraints force the coefficients b 1 , · · · , b 7 to be zero. Removing these coefficients from (16), there remains two terms with coefficient b 8 which contains only first derivatives ∂ϕ and ∂φ. They can not be written as total derivative term because total derivative terms must include at least one term with second derivative. Hence, b 8 is also zero.
Therefore, to have non-zero effective action, one has to assume the T-duality transformations (4) recieve higher-derivative corrections [14, 15, 16] . At order α ′ , the T-duality transformations should be
where ∆ϕ, · · · , ∆φ contains some contractions of ∂ϕ, ∂φ, e ϕ/2 V, e −ϕ/2 W,H and their derivatives at order α ′ . We have multiplied the factors of e ϕ/2 and e −ϕ/2 to ∆g µ , and ∆b µ , respectively. As we will see, this makes it explicit to have a factor of e ϕ/2 in front of each V and a factor of e −ϕ/2 in front of each W in the T-duality transformation of (10). SinceH is not field strength of a two-form, it is convenient to consider the T-duality transformation of the three formH. The deformation ∆H µνα however, is no independent of the the deformations ∆g µ and ∆b µ [16] . The T-dual fieldH ′ must satisfy the same Bianchi identity asH, i.e.,
Using the T-duality transformations (18) , one finds at order α ′ the corrections ∆H, ∆g, ∆b satisfy the following differential equation:
where we have used the fact that the exterior derivative of V and W are zero. This leads to the following relation between ∆H and ∆g, ∆b:
where α 19 is an arbitrary parameter. The T-duality transformations (18) should form a Z 2 -group [17] . This indicates that the corrections ∆ϕ, ∆φ, ∆ḡ, ∆g, ∆b, ∆H must satisfy the following constraints: Now, we consider the T-duality constraint on the effective actions (1) and (14) using the T-duality transformations (18) . The T-duality transformation of action (1) is now
where we have used the relations (22), removed some total derivative terms, and used the leading order T-duality constraint (12) . We have also absorbed the overall coefficient c 1 in the arbitrary parameters in ∆ϕ, ∆φ, ∆ḡ, ∆g, ∆b, ∆H. In finding the above result for ∆ḡ µν we assumed the metric of the base space isḡ µν and then use the T-duality transformations (18) . At the end we setḡ µν = η µν . Note that the extra factors of e ϕ/2 and e −ϕ/2 in (18) make it possible to have a factor of e ϕ/2 in front of each V and a factor of e −ϕ/2 in front of each W . Note that δS 0 is odd under the Buscher rules.
Since the terms in (16) are all invariant under the parity, the most general form of the corrections ∆ϕ, ∆φ, ∆ḡ, ∆g, ∆b satisfying the constraints (22) and making the terms in (23) to be even under the parity, are:
where α 1 , · · · , α 18 are arbitrary parameters. If δS 1 were odd under the parity, then the corrections ∆ϕ, ∆φ, ∆ḡ, ∆g, ∆b would contain terms that have opposite parity. When one replaces (24) into (23), one would find that for some specific relations between the parameters, δS 0 becomes zero. That indicates that not all the parameters in (24) produce non-zero δS 0 . We are not going to write (24) in terms of the parameters that produce non-zero δS 0 and then impose the T-duality constraint. Instead, we first impose the T-duality constraint on all parameters and then remove the terms that produce zero δS 0 .
The T-duality transformation of action (14) under (18) produce the same terms as in (16) pluse some terms at higher order of α ′ in which we are not interested. Hence, the T-duality constraint at order α ′ requires δS 0 + δS 1 where δS 0 is given in (23) and δS 1 is given in (16), to be a boundary term. This constraint produces some algebraic equations that their solution fixes the coefficients of both the effective action (14) and the corrections to the Buscher rules. We have found that for the following parameters:
the T-duality transformation δS 0 + δS 1 is a total derivative (17) with the following vector:
which is odd under the Buscher rules and is even under the parity, as expected because δS 0 +δS 1 is also odd under the Buscher rules and is even under the parity.
The most important part of the results (25) is that they fix uniquely all eight parameters in the D-dimensional action (14) in terms of b 1 , i.e.,
Up to the overall factor b 1 , the above couplings are the standard effective action of the bosonic string theory which has been found in [20] by the S-matrix calculations. This action now is invariant under T-duality. When replacing the relations (25) into (18), one finds the following corrections to the Buscher rules:
The correction ∆ḡ µν , ∆φ, ∆ϕ have also some terms that depend on α 1 , α 14 . They arẽ
However, replacing∆ḡ µν ,∆φ,∆ϕ into (23), one would find δS 0 becomes zero. That is the reflection of the fact that the parameters α 1 , · · · , α 18 in (23) are not all produce non-zero δS 0 .
To consider the parameters that produce non-zero δS 0 , one has to set these two parameters to zero. Hence,∆ḡ
This ends our illustration that the T-duality constraint on the effective action (14) can fix both the effective action and the corresponding corrections to the Buscher rules up to the overall factor of b 1 . Similar T-duality constraint has been used in [21] by reducing the effective action (14) to one dimension. In that approach, however, not all parameters in (14) are fixed up to an overall factor because some of the terms in (14) become zero when reducing them to one dimension [21] .
Effective action in arbitrary scheme
The corrections to the Buscher rules depend on the scheme that one uses for the effective action. The corrections (28) correspond to the effective action (27). If we had started with the effective action (14) in a different scheme, then the T-duality constraint would fix the eight arbitrary parameters in the action and the corresponding corrections to the Buscher rules up to an overall factor.
The field redefinitions have been used to write the effective action (14) in terms of only eight parameters. If one does not use the field redefinition to reduce the independent couplings, then the effective action would have the following 20 terms [20] :
Apart from the unambiguous coefficients a 1 , a 3 , a 8 which are not changed under field redefinitions, all other coefficients are ambiguous because they are changed under field redefinitions. There are 5 parameters in the ambiguous parameters which are essential and all other are arbitrary parameters. If one does not use the field redefinitions, one would not be able to distinguish between the essential and the arbitrary parameters. This distinction, however, can be found by imposing the T-duality constraint on (31). We find that the T-duality constraint can fix the 3 unambiguous parameters in terms of one of them, and the 17 ambiguous parameters in terms of 11 arbitrary parameters. Using the same steps as in the privious subsection, one finds that the T-duality constraint on the above action produces the following relations: 
one finds the effective action(31) becomes
the same T-duality but they have different overall factor. In fact, a 1 = b 1 = −1/16 for bosonic theory, a 1 = b 1 = −1/32 for heterotic theory and a 1 = b 1 = 0 for supersting theory. If the T-duality constraint could fix the overall factor, then the effective action that the T-duality constraint generated would not be the correct effective action of all bosonic, heterotic and superstring theories at order α ′ . The heterotic theory has another term at four-derivative level, i.e.,
This term is resulted from the Green-Schwarz anomaly cancellation mechanism [22] which requires the non-standard gauge transformation of the B-field, i.e.,
where Λ i j is the matrix of the Lorentz transformations and ω bi j is spin connection. Under this transformation the 3-form H abc + α ′ Ω abc is invariant, i.e., H abc + α ′ Ω abc → H abc + α ′ Ω abc . The Chern-Simons three-form Ω is 
where e a i e b j η ij = G ab . We have imposed the T-duality constraint on this action and found that it is invariant under the T-duality transformation (18) 
whereω µνα is 9-dimensional spin connection. In finding the above result, we did not assume that the base space is flat. As expected, the parity of above terms are different from the corresponding terms in (28) because the parity of their corresponding actions are different. We have shown in this paper that the T-duality constraint when the B-field is not zero, can be used to find both the effective action and its corresponding T-duality transformations at order α ′ . It would be interesting to extend this calculations to the orders α ′2 , α ′3 that their effective actions are not known in the literature. When B-field is zero it has been shown in [17, 18] that the T-duality constrain reproduces the known couplings in the literature.
